The central object in the theory of semiclassical stochastic gravity is the noise kernel which is the symmetric two point correlation function of the stress-energy tensor. Using the corresponding Wightman functions in Minkowski, Einstein and open Einstein spaces, we construct the noise kernels of a conformally coupled scalar field in these spacetimes. From them we show that the noise kernels in conformally-flat spacetimes, including the Friedmann-Robertson-Walker universes, can be obtained in closed analytic forms by using a combination of conformal and coordindate transformations.
I. INTRODUCTION
In semiclassical gravity (SCG) the effect of quantum fields on the background spacetime [1] is accounted for by solving the Einstein equation with the expectation value of the quantum matter field's stress-energy tensor as the source, known as the semiclassical Einstein equation (SCE) . To tackle this so-called 'backreaction' problem [2, 3] one needs first to find a finite expression of the expectation value of the stress-energy tensor by suitable regularization and renormalization procedures. The resulting expression for the stress-energy tensor is complicated and usually cannot be expressed in a closed analytic form. For example, even for the generic Schwarzschild black hole, it takes considerable work to get an approximate but numerically accurate expression for the stress-energy tensor [4] .
One exception is for the conformally invariant fields, especially in conformally-flat spacetimes. It is possible to derive the stress-energy tensor in closed form by integrating the local expressions of the corresponding conformal anomaly [5, 6] . One subtlety in this procedure is in the choice of the vacuum state, even in flat space, be it the Minkowski or the Rindler vacua. This point has been discussed in some detail in the paper by Candelas and Dowker [7] where conformally-flat spacetimes are classified into two categories with the help of the Penrose diagrams. With the Minkowski vacuum there are the spatially flat de Sitter, the flat Friedmann-Robertson-Walker (FRW) universe, the Einstein universe, the global de Sitter, and the closed RW universe. While with the Rindler vacuum one has the open Einstein universe, the Milne universe, the open FRW universe, and the static de Sitter. On the other hand, the two vacua are related by 'thermalization' 1 , in the way that the Minkowski vacuum is the 'thermalization' of the Rindler vacuum. In the next section we shall explore this situation by looking at the Wightman functions in various conformally-flat spacetimes.
Semiclassical gravity based on the expectation value of the stress-energy tensor provides a mean field theory description. To take into account the effects of the matter field quantum fluctuations and the induced metric fluctuations of the spacetime (obtained as a solution of the SCE), one needs to invoke stochastic gravity [8] . In this theory the matter quantum fluctuations manifest as a stochastic force term in the Einstein equation, resulting in the so-called Einstein-Langevin equation [9] -a physical way of derivation and understanding is by means of the Brownian motion paradigm (see, e.g., [10] and references therein). The correlator of the stochastic force is given by the noise kernel, which is also the symmetric two point correlation function of the stress-energy tensor. Although the noise kernel is a finite quantity, an intermediate regularization is nevertheless needed. In [11] a general formula for the noise kernel of a scalar field in terms of higher covariant derivatives of the Green functions is provided. In this paper we first find the Wightman functions of conformal scalar fields and then use the expressions of [11] to evaluate the noise kernels in Minkowski,
Einstein, and open Einstein spacetimes.
It is proven in [12] that the noise kernels of a conformally coupled scalar field in two
(here primes on indices denote tensor indices at the point x ′ and unprimed ones denote indices at the point x). Hence, from the noise kernels in Minkowski and Einstein spacetimes, it is possible to obtain the various FRW noise kernels by the appropriate conformal transformations. With additional coordinate transformations, the static de Sitter case can be dealt with. Lastly, the Rindler noise kernel will also be presented.
These are the main content in Sections III and IV. Conclusions and discussions are given in Section V.
II. WIGHTMAN FUNCTIONS IN EINSTEIN UNIVERSES
In this section we consider the Wightman functions of a conformally coupled scalar field in Minkowski, closed Einstein and open Einstein spacetimes. Using these functions we can derive the corresponding noise kernels in these spacetimes and also the related FRW spacetimes. We shall do that in the next two sections.
In the Minkowski spacetime, ds
Here ∆s = a∆χ. In general it is the geodesic distance between two points on the spatial
Finally we come to the open Einstein universe (R 1 × H 3 ) with the metric
where χ ≥ 0. Since one could go from the sphere S 3 to the hyperboloid H 3 by just changing a → ia, naively one would assume that the Wightman function in this case can be obtained from the Einsten universe one by
However, this is in fact not the case. Open Einstein universe is a static spacetime and therefore it has a unique vacuum. The corresponding Wightman function was derived exactly by Bunch [14] giving
where ∆s = a∆γ with
is again the geodesic distance on H 3 . This Wightman function is not the same as that in Eq. (11) . Therefore the vacua of the closed and the open Einstein universes are not conformally related even though the spacetimes are.
Along this line the authors in [7] have classified the conformally-flat spacetimes into two classes, one with the conformal vacuum of the Minkowski spacetime and the other with
that of the open Einstein spacetime. On the other hand, these two classes are related by 'thermalization'. This can be seen using the Wightman functions as follows. From Eq. (12) the Wightman function of a thermal state in the open Einstein universe with temperature T = 1/β = 1/2πa can be written as
which satisfies the KMS condition. The summation over n can be done using the formula
Then Eq. (14) becomes
which is the same as Eq. (11) 
III. NOISE KERNELS RELATED TO FLAT AND CLOSED FRIEDMANN-ROBERTSON-WALKER SPACETIMES
Here we are dealing with conformally invariant scalar fields. Their noise kernels in conformally related spacetimes have the transformation property [12] 
Since the FRW spacetimes are conformal to the Minkowski and the Einstein universes, we can obtain the noise kernels of various FRW spacetimes from the Einstein universe ones.
In this section we shall concentrate on the flat and the closed universes and leave the discussions on the open FRW ones to the next section. To compute the noise kernels in the Einstein universes, we make use of the formula [11] ,
where
Note that the superscript + on G + has been omitted for notational simplicity. R µν and R α ′ β ′ are the Ricci tensor evaluated at the points x and x ′ , respectively; R and R ′ are the scalar field curvature evaluated at x and x ′ .
A. Flat FRW spacetimes
Here we evaluate the noise kernel of a flat FRW spacetime,
which is conformal to the Minkowski spacetime. First by plugging the Minkowski Wightman function in Eq.
(1) into the formula in Eq. (18), one can arrive at the Minkowski noise kernel.
For the convenience of later presentation, we shall write the noise kernel in the following manner by defining the coefficient functions C ij ,
where s i = ∇ i (∆s) and s j ′ = ∇ j ′ (∆s) are the derivatives on the spatial geodesic distance ∆s between x and x ′ . Also, g ij ′ is the parallel transport bivector such that
C ij are functions of ∆η and ∆s. For the Minkowski spacetime we have
Since the flat FRW spacetime is conformal to the Minkowski one with the conformal factor Ω(x) = a(η), the corresponding coefficients are just given by
The most prominent example here is the de Sitter spacetime in spatially flat coordinates with a(η) = −1/Hη where H is the Hubble constant. The corresponding vacuum is the Bunch-Davies vacuum [16] which is conformal to the Minkowski one. Many applications in cosmology including those on inflation [17] invoke this metric.
This noise kernel has been considered previously in [18] in which it is coordinate transformed into de Sitter static coordinates. According to the 'thermalization' relation discussed earlier, the resulting noise kernel is the one in thermal vacuum with temperature H/2π with respect to the static vacuum. The behaviors of the noise kernel near the de Sitter horizon is then investigated and is compared with that near the black hole horizon in the HartleHawking thermal vacuum [19] .
B. Closed FRW spacetimes
Next, we look at the closed FRW spacetimes with the metric
which is conformal to the Einstein universe with the conformal factor a(η). 
Again the coefficients for the closed FRW spacetimes are given by
For a(η) = α/ sin η, where α is a constant, we have the de Sitter spacetime in the global coordinates . [20, 21] to obtain the noise kernel in the last subsection.
IV. NOISE KERNELS RELATED TO OPEN FRW SPACETIMES

A. Open FRW spacetimes and static de Sitter space
Consider the open FRW spacetimes with the metric where G is the Wightman function in Eq. (12) .
As in the flat and the closed FRW cases, the coefficients for the open FRW spacetime is given by the conformal transformation
For a(η) = αe η , where α is a constant, we have the Milne universe [22] .
Next, we look at the noise kernel in static de Sitter spacetime.
Going from the open Einstein metric, it is necessary to make one conformal and another coordinate transformations to arrive at this metric. From the metric in Eq. (10), we perform a conformal trasformation with the conformal factor Ω = 1/ cosh χ, that is,
Then making a coordinate transformation, r = tanh χ, we arrive at the static de Sitter metric
with the horizon at r = 1.
Hence, to obtain the noise kernel in static de Sitter we need to make the corresponding conformal and coordinate transformations on the open Einstein space noise kernel in Eqs. (28) and (35). The coefficient functions (C ij ) sdS of the noise kernel in static de Sitter spacetime are given by
where the geodesic distance
Note that this is the de Sitter noise kernel in the static vacuum which is conformal to the open Einstein or the Rindler vacuum. Due to 'thermalization' relation we discussed earlier, the noise kernels in spatially flat de Sitter [18] or the global de Sitter cases are actually in the thermal static vacuum.
B. Rindler space
In this subsection we would like to consider the noise kernel in the Rindler spacetime.
The Rindler space is flat and its vacuum is conformal to the one in open Einstein universe.
Therefore, in principle using a combination of conformal and coordinate transformations, as we have done above, it is possible to obtain the noise kernel in Rindler spacetime from that in open Einstein universe. However, the procedure is quite complicated. To see this we look at the metric. With the coordinate transformation,
the open Einstein universe metric becomes
Thus with a further conformal transformation one can arrive at the Minkowski metric. Going to Cartesian coordinates and then making another coordinate transformation,
we can get the Rindler metric
It is nevertheless quite a complicated procedure to implement this series of transforma-
tions on the open Einstein noise kernel to obtain the Rindler one. To avoid this we have chosen to work on the Wightman function in Rindler spacetime directly. This Wightman function has been given in [20, 21] ,
Plugging this into Eq. (18) one can obtain the noise kernel components in the Rindler spacetime. However, the expressions for these components are much lengthier than the ones in FRW cases so we just display one of them.
The other components of the Rindler noise kernel can be derived analogously from Eq. (18) .
This completes our consideration on the noise kernels of a conformal scalar field in conformally-flat spacetimes.
V. CONCLUSIONS AND DISCUSSIONS
In this paper we have considered the noise kernels of a conformal scalar field in conformally-flat spacetimes. First, conformally-flat spacetimes can be classified into two main categories according to the conformal vacuum they admit, namely, the Minkowski or the Rindler vacuum. We explicated this point with the help of the corresponding Wightman functions, from which we derive the noise kernels in three static spacetimes, namely, the interesting to investigate the behaviors of the noise kernel near horizons as well as initial singularities of various FRW spacetimes in this paper. In [18] the behaviors of the noise kernel near the de Sitter horizon was studied and then compared with that in the Schwarzschild spacetime [12] . Similar study can be carried out for the noise kernels found here.
In the theory of stochastic gravity the noise kernel characterizes the correlations of the stochastic force. This stochastic force represents the matter field quantum fluctuations whose effect on the background spacetime is obtained by solving the Einstein-Langevin equation. For example, the correlation of the quantized gravitational perturbations can be found in the graviton noise kernel which is used in the stochastic gravity approach to structure formation [23] . [6] on these influence functionals one can obtain the Einstein-Langevin equations in FRW spacetimes. We are currently working in this direction. We also note related recent work of noise kernel for inhomogeneous spacetimes [24] and Riemann curvature correlators [25] .
